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Abstract-This article concerns the bridge arch whose axis is the funicular curve of its own
weight. All the hypotheses can be quite general, the structures may even be unsymmetrical,
the ends may have an angular cedibility; the loads may be ofany kind and the moment ofinertia
may vary according to a generic law. The arch is reduced to a set of rigid bars and elastic
springs, as is often the case when dealing with straight bars. The advantage of this procedure
is that it converges from below, and it can operate along with finite or similar elements. Com
parisons with some of the results of the literature were carried out. There are some differences
between our results and those concerning various steep arches, which is also explained.

NOTATION

B matrix of the potential energy
Cj specific elastica of order i
e eigenvector
E Young's modulus
f height of the arch
k elastic flexural deformability
K matrix of the strain energy
hi height of the generic spring i
/ moment of inertia
I length of the arch

L strain energy
n number of Lagrangian coordinates
q vector of forces
P potential energy
Sj length of the generic bar i
v vector of the vertical displacements
w vector of the horizontal displacements
a angle between the horizontal axis and the tangent line to the centroidal axis
y nondimensional coefficient in the Timoshenko-Gere formula
f(J vector of Lagrangian coordinates

INTRODUCTION

The object of this study is to examine the critical multipliers and the critical deformed
shapes of a bridge arch. It is common knowledge that an arch's axis is the funicular
curve of its own weight. Weight, and hence axis, are as general as possible, even
nonsymmetric; e.g. the ends can be at two different levels, as is often the case. This
also applies to the moment of inertia I of the section. Comparative examples have been
supplied, taking into account the results of the literature. An arch with a parabolic axis
is assumed, whose moment of inertia is either constant or variable according to cos a
or cos3

(l.

In the literature, the circular arch with a radial load has been thoroughly inves
tigated, but unfortunately this case does not apply to bridge structures.

Several wen-known methods can be applied to solve this problem. Essentially they
faU into two groups: In the first, the structure is considered a monodimensional con
tinuum; in the second, the structure is reduced to a discrete system. The first case
leads to differential or integral equations of deformed shapes, and is solved by inves
tigating the spectrum of the eigenvalues. In the second case, fictitious systems are dealt
with when the whole spectrum is not easily found (Ritz methods, finite difference
methods etc.). Alternatively, we can consider fictitious systems, where the arch is
reduced to a set of rigid nodes linked together by elastic bars (finite elements methods).
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Fig. I.

The authors believe the discretization according to Lagrange has not been applied
to the calculation of the critical loads of the arch bridge, even if it is often used for
straight bars, probably because of the difficulty in expressing second-order terms of
the potential energy of the applied forces.

In this article, the authors suggest adopting precisely this method; they believe it
can be usefully applied along with the existing methods, even if only for comparison.
This method can be used, in fact, by means of simple programming, requiring a small
memory. Because of its convergence from below, it is particularly useful if considered
with the finite elements method. Disregarding axial deformations, Lagrange discreti
zation consists, as already known, of subdividing the structure into a number t of bars
such that every bar can be considered a prismatic one, and of assimilating the elastic
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n =5

weight s;/EJ; of every bar to a pair of elastic weights s;l2EJ;. concentrated at the ends
of the bar. In-this way, the idealized structure results in an orthodox holonomic system,
according to the dictates of classical mechanics. It is formed by rigid elements linked
together by means of punctual constraints. The reactions that the constraints transfer
to the bars are conservative forces, as for the applied forces, and their potential is
the strain energy.

The n = t - 2 rotations 'Pi of the bars, from the second to the second last, take
on the role of Lagrangian coordinates. Thus, we can see that the procedure approxi
mates to the eigenvalue with increasing values when the number n of the springs is
increasing (the same convergence does not require any mathematical proof, obviously
because the idealized structure approaches the real one when n increases). Although
an exact proof of this fact is desirable, at least an intuitive justification can be given.

Let us consider an arch with its left side fixed and its right side (Fig. 1) free, with
a general force F applied to a point P belonging to the free section. The component SF

of P displacement in the direction of F calculated on the idealized structure is greater
than the same component calculated on the real structure. This is obvious if the
contribution of the single segment is examined. Hence, the strain energy L = !FSF,
linked to F, is greatest when calculated on the idealized structure.

But the strain energy is also given by! J MM' dslEJ, and its increase is equivalent
to a decrease of J; this causes a decrease of critical multipliers.

Generally, the potential energy P of the external forces is expandable in a Taylor
series of the Lagrangian coordinates

P = P( I) + p(2) + ... + pm

where pm is the term of order i.
If p(J) "" 0, the forces are termed "transversal forces," if pO) = 0, "axial forces."

The arch axis is a funicular curve of its own weight. Hence, its own weight is, in the
Lagrange reduction, an axial load (see below). Therefore, when the displacements are
small, the total potential energy E, = L + P is a quadratic function of the 'P;.

This is a classical Eulerian case. Hence, it is a linear eigenvalue problem.

2. THE REDUCTION OF THE ARCH TO A RIGID ELASTIC SYSTEM

The structure is divided (Fig. 2) into a finite number t of rigid bars, linked together
by springs placed in the centroid of the assemblage section.

In the generic spring i, the elastic flexural deformability of the i segment included
between the midpoint of the precedent bar and the midpoint of the subsequent one is

Fig. 2.



430

concentrated. Hence,

From the equality

we have
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M = kiA'f,.

A'f = M = MCi = M (~ + 5,+,)· ,
11., 2£ I, Ii +,

I (5i 5i+ I)
Ci = 2£ /; + 1;+ 1

(I)

(2)

At the ends A and B, we obtain

and at the crown

50

2£10 •

5". I

CB = 2£1,,+ I '
(3)

I (5,,/2 5,,/2+ I)
Cc = 2£ 1"/2 + 1"/2+ , . (4)

Giving to (4), to (3) or to both a value equal to x, we have arches with one, two or
three hinges, respectively.

Considering the "small displacement hypothesis" (Euler hypothesis) valid, the
strain energy is reduced to

'PTK'P is a positive definite quadratic form, and K is the matrix of this form.
If 'fi = 1 and 'fj = 0, Vj oF i ("specific" elastica C of order i), we have

2L = kilo

(5)

(6)

Hence, kii is twice the strain energy joined to 'Pi = 1 and 'Pj = 0, V} =F i. If 'Pi = I and
'Pj = 1 and all the other coordinates are zero, we have

(7)

Hence, k;j is the mutual energy between the two elastica C and Cj . The potential energy
P is generally the sum of a linear form and of a quadratic one:

T A. T
P = - 'P q - 2 'P B'P.

With respect to the elastica C, we have

(8)

where Q; is the first-order work of the applied loads relative to C, and 'A.B;i is twice
the second-order work.
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With regard to C; and C;. we have

431

Hence, >JJ;j is the second-order "added" work of the applied forces relative to C; and
Cj •

The term "mutual" is not used, so that confusion with "mutual work" between
two sets of applied forces is ruled out.

The equilibrium condition

iJE, = 0
iJlp;

leads to the system of n equations:

K'P - AB4p = q. (9)

As already stated, transversal forces are associated with q ~ 0; axial forces are as
sociated with q = 0 and B :F O. When the forces are axial, the system is homogeneous:

When A is such that

det IK - AB I = 0,

(10)

(11)

system (9) has no definite solutions, and system (10) has a nontrivial solution (defined
with a degree of freedom).

From system (10), we have

where K = B- 1K. Hence, (11) takes the form

det IK - AI I = o.

(12)

(13)

K is a symmetrizable matrix. Thus, (13) has n real eigenvalues. Since the two matrices
are positive definite, the eigenvalues AI are positive. The n distinct eigenvectors ei,
... , en (buckling modes) are orthogonal, i.e.

and also

eIKe; = 0,

eIBe; = 0,

if i ~ h

if i :F h.

(14)

(15)

3. THE CONSTRUCTION OF THE STRAIN ENERGY MATRIX

The arch is reduced to a rigid elastic system by dividing it into 1 bars (1 is assumed
to be even); h(z) is the height of the point at the abscissa z, and it is assumed greater
than zero if the point is above the z-axis. The number c of the springs is 1 + 1; the
Lagrangian freedoms are n = c - 3 = 1 - 2. In the generic spring i, the elastic flexibility
c; of the segment included between the midpoint of the bar i and the midpoint of the
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bar i + I is concentrated; in (2) we must assume

f
c
.. ' [ (dh)~]I:~

S, = c, I + dz d.::. ( 16)

At the end A, the flexibility CA of the segment included between A and the midpoint
of the first bar is concentrated; the flexibility c~ of the constraint A must be added to
CA. At the end B, the flexibility CD of the segment included between B and the midpoint
of the last bar is concentrated; the flexibility c~ of the constraint B must be added to
CD·

The input data of the problem are (Fi,.g. 3) the span /, the rise j, the elastic modulus
E and the two flexibilities c~ and c:. Furthermore, the n + I values h, z and F cor
responding to the springs from 6 to n + I and the n + 3 values Ci corresponding to
the springs from A to B must be given. The values F i are obtained by decomposing the
load of the generic bar into two concentrated forces acting at the ends of the bar.

It is suitable to consider separately the values ho, Zo, hn ... I, Fn T I and to arrange
the remaining values hi, Zj and Fi into n-dimensional vectors.

The rotations 'fi of the n bars (I, ... ,n) take on the role of Lagrangian coordinates.
The rotations 'fA and CPB of the two lateral bars are homogeneous linear functions of
CP,. Freeing the arch at B and assuming 'fj "" 0 and CPj = 0, Vj ¥- i, the displacements
at B are (Fig. 4):

The boundary conditions VB = WB = 0 yield, if the ends are at the same level,

1j
CPA + 'fLJ = - 'f, 

10

hi - hi -- I
CPA - 'fD = - CPi h

o

which result in

11i I hi-h j - ,

--cP---cP
2 '10 2' ho

11i I hi-hi- I
CPB = - - cpo - + - cP

2 '10 2' ho

Ie

(17)

(18)

(19)

(20)

(21)

(22)

Fig. 3.
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In general,

<PA = L <Pia; = 'PTa
;

<PB = L <p;h; = 'PTb.
;

The strain energy L is the sum of

1. the energy related to the springs included between 1 and n - I:

2. the energy related to the springs eand n:

3. the energy related to the springs A and B:

where l/kA = CA + c~, l/kB = CB + c:. Therefore, we have

(23)

I ,,-1 I
+ 2 L k;(<Pi+ I - <PY + -2 (ko<PT + k,,<p;').

i= I

From (23),

<p~ = 'PTaaT'P

<p~ = 'PTbbT'P,

where aT = (a., a2, •.. , an) and bT = (hi, b2, ... , hn).

(24)
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On the other hand, we have

,,-1

L ki('Pi+ 1 - 'P;)2 + ko'Pt + kn'P~
i= 1

ko'PT + kl'PT + kl'P~ - 2k l'Pl'P2

+ k2'P~ + k2'P~ - 2k2'P2'P1

+

+ k" - I 'P~ - I + kn- 1'P~ - 2kn- I 'Pn - I 'Pn + kn'P~,

=<pTk'<p

where

k ll kj2 e 6 6: e e e
kz, kZ2 kh 6 e: e e 6

K' e kj2 k33 k34 e lee e
------------~----------------6 e e 6 e Ik~_1 n-2 k~_1 n-I k n' -I nI' , .
e 6 e 6 6 I 6 k~,n - I k~.n

with

k;-l,i = -ki- 1

k;,i = ki- I + ki

k;+l.i = -ki.

Terms involving 'PA 'Pl, and 'PB'Pn can be written as

'PA'PI = 'Pl<pTa

'PB'Pn = 'Pn<pTb,

i.e.

'PA'PI = <pTA'<p

'PB'PI = <pTB'<p,

where

2a l a2 an 2b 1 b2 bn

A' 1 a2 e e B'
1 b2 6 6= - = -

2 2
an 6 e bn 6 6

In conclusion, the strain energy is given by

where

(25)

(26)

(27)

(28)
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4. THE CONSTRUCTION OF THE MATRIX B OF THE POTENTIAL ENERGY

A rigid bar PQ rotating at an angle <p, with P fixed, yields (Fig. 5):

VQ = r si]l ex - r sin(ex + <p)

= r sin ex - r sin ex cos <p - r cos ex sin <p

= r sin ex( 1 - 1 + «2
) - rIp cos ex

<p2
= -alp - b 2" .

WQ = r cos(ex + <p) - r cos ex

• <p2= - rIp SIn ex - r cos ex 
2

We have, therefore,

435

(30)

V~) is always negative. w~) is positive if Q is higher than B(b < 0); otherwise it is
negative.

The calculation of B is carried out in two steps. First, displacements (30) are taken
into account, computing them beginning from the left end. Every bar i rotates, with
respect to bar i-I, with hinge i-I fixed. Therefore, the subsequent second-order

b

P

1 tayr-z
Fig. 5.

r cosa
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displacements vim are obtained:

V,'I~) , h; - h,_ I ,
= V:~II + Illi

2

'(2)
V n + I

1121 hs - hn ,
= V n + 2 Ills.

The potential energy P' of the applied forces linked to the displacements Vil~) is

pi =

+

I , ( 11 11 - 11 11 )+ 2Ills - 2 Fn + 1

i.e. (24):

T T hs - hn T
- 'P bb 'P 2 Fn + I - 'P Ccp.

C is a diagonal matrix:

C.. _h;-h;-I~F
II - 2 £.J k·

k~;

(31 )

But P' does not represent the whole potential energy P. We must add the potential
energy arising from the fact that the displacements vi C2l and w;C2l do not respect the
boundary conditions. (See Fig. 6, in which VB ~ 0 and WB ~ 0.) To meet these conditions,
it is necessary to give other displacements v'f(2l, to which displacements - VB and - Ws

must be linked. These are second-order displacements, because - VB and - WB are
second order.

The V,/C2l must be recalculated from the undeformed configuration (small displace
ments hypothesis). Hence, the applied forces F; and the reactions VB and HB are in
equilibrium on it. The reactive couples that the springs transfer to the bars are equal
to zero, because the axis is a funicular curve. According to the Lagrange theorem, we
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Fig. 6.

from which

n+1

~ F i v'!(2) - Vsvs - Hsws = O.
;=0

p" = Vsvs - Hsws.

(32)

(33)

It is fundamental to observe that term (33) is defined by VB and ws, whatever the values
of V,! (2) • The significance of this observation arises from the fact that 00 values of
V,/(2) exist, corresponding to the displacements - VB and - wS.

VB is given by

1 2 ~ hi - h,'-I 2
VB = 2hO'PA + ~ 2 'Pi,-I

T ho T T hB - hn= - cpTaa CP"2 + cp bb cp 2 + cpTDcp,

where D is a diagonal matrix:

hi - hi-I
Dii = -'--2-"':'

(34)

(35)
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WB is given by
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"" ..... , ::..,- -)., I - Zn .,
£.J -----'- lYi - -- 'f)B

2 2
(36)

where E is a diagonal matrix:

(37)

The reactions VB and HB are shown by the following equilibrium equations at A and
C (Fig. 7):

n

VBI + HBhB + FoZo + L Fiz; + Fn .... l = 0
;= I

Hence, (33) gives

P" _- T '[ (V ho H Zo)-cpaacp 11 2 - B2"

lb T ( V hB - II" I - Zn)- cp b cp B 2 - H B -2-

- cp TDcpV8 + cpTEcpHB .

(38)

(39)

1 I I I i I I I I
cl

(2)

w" bI

TIll :=; e 'V i B
.~

-We

z

y

Fig. 7.
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Fig_ 8.

Finally, we have

P = icpTBcp, (40)

where

~B=aaT[ho (Fo + i~ F) + Vaho- Hazo]

+ bbT[(ha - hn)Fn+ 1 + Va(ha - hn) - Ha(/ - Zn)]

+ C + DVa - EHa . (41)
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If the ends are at the same level and q is a uniform load, the axis is given by

4f
h(z) = f z(l - z).

If the t bars have a constant horizontal projection, we have

2i+ I - ..,. - -,./ -

and B is reduced to

B = q[(aaT + bbT
) (!.- + hol~) + c'] ,

8ft 2 t
(42)

where C' is a diagonal matrix:

, J3 (t+1)Cii = 8ft + (hi - hi- d 12t - Zi . (43)

10 0 r--------------- -- ------- ---- -------------------1
I

80t----- - - - - Timoshenko

___ Authors

--r---~

~Three hinges

y

60f-------

Two hinges

\
4 0 t-------t'---j)-

20

EI = ccst

----1----------{---------:
I

~

0.4
f

0.6 0.8 1,0

-
(

Fig. 9.

____---L _+_

0,2o
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5. COMPARISON WITH THE RESULTS FROM THE LITERATURE

To carry out the comparisons, we used a parabolic arch. Almost all the results
from the literature refer to this type of arch. The graphs and the diagrams of the fol
lowing give the critical load against the ratio ill.

The classical formula (valid for every boundary condition),

EI
qc = 'Y r'

has been used; it was also used by Timoshenko and Gere[I] and Pfliiger[2] for EI ==
const., EI cos (l = const., EI cos3

(l = const.
The case of a clamped arch and the case of the one-hinge arch are dealt with in

Fig. 8. We assume El == const. The Timoshenko-Gere curves are dashed. The cal·
culation was executed by dividing the arch into 20 bars. The difference between the
values obtained with 10 bars and those obtained with 20 bars is nearly 5%.

In Fig. 9, two- and three-hinge arches are considered, again with EI == const.
In Fig. 10, the cross-section that varies according to E1 cos (l == const. is dealt

with.
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200r------r-----r------,-----r-------jjl

TimoShenko

Authors
",'

'"'"
15 0r-----r----r-----1-~~--t---~

50

I,
i

f
Three hinges

i
0 I

0 0.2 0,4 f 0.6 0,8 ',0

T
Fig. 11.

Two

10 0 i----r---7'7t=---------t-----t--------;

y

Table 1. Nondimensional coefficient 'I for £1 = const.

Clamped One hinge Two hinges Three hinges

Timoshenko Present Timoshenko Present Timoshenko Present Timoshenko Present
fll and Gere [1] authors and Gere (I) authors and Gere (I] authors and Gere (I) authors

0.1 60.7 59.7 33.8 33.2 28.5 28.8 22.5 22.5
0.2 101 101 59 60.5 45.4 45.7 39.6 39.9
0.3 115 117.8 78.5 46.5 49.1
0.4 III 115.3 96 86.8 43.9 44.6
0.5 97.4 103 87 38.4 38
0.6 83.8 89 80 81.9 30.5 3\.4
0.7 71 75 74.3 26
0.8 59.1 63 20 2\.4
0.9 SO 53.9 18
I 43.7 46 14.1 15.1
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Table 2. Nondimensional coefficient "Y for EJ cos Q = canst.

Clamped One hinge Two hinges Three hinges

Pfliiger Present Pfliiger Present Pfliiger Present Pfliiger Present
III 12] authors 12] authors 121 authors 121 authors

0.1 60 61.2 34 30 29.4 23.1
0.2 127 111.4 65.8 62 50.1 43.6
0.3 190 144.3 93.5 90 59.6 +
0.4 257 160.5 115.5 125 61.4 +
0.5 320 164 131.2 160 59.3 +
0.6 161 141.1 55.5 +
0.7 154 145.8 51.5 +
0.8 145.3 + 47.4 +
0.9 136.5 + 43.5 +
1 128 + 40.4 +

80 0 ....-----,---'----~----,-----....-------,

',00.80,6f
f

Timoshenko

0.4

hingeS~No

0,2o
o

2 0 Of------+-~I----t--7"-·--_+----+_---__l

40 0~----+-----+---P-~--+--+-----i

Authors

600 ~----+-EI cos 3 a = El e

Fig. 12.
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In Figs. I I and 12, cases of the section varying according to EI COS3 0: = const.
are illustrated. The inertia increases from the crown to the sides, and the critical load
increases monotonically with the ratio fl/.

Finally, in Fig. 13, the arches for which the section varies according to E/lcos 0:

= const. are considered.
The inertia of the cross-section diminishes from the crown to the ends: It is the

so-called Boussiron-Vallette arch. The similarity between this curve (for the clamped
arch) and the curve of the two-hinge arch with EI = const. can be easily seen. Numerical
comparisons arc reported in Tables 1-4.

NOTE

It is not possible to give a direct explanation of the differences between the results
of Pfluger and ours, because in Pfluger's book no specific theoretic indication on the
arches is reported, but rather various abaci.

We should also say that Pfluger's results coincide with those of Dishinger (Bauin
genieur 1947). On the contrary, Timoshenko and Gere do not report results for the law
I cos 0: = In for which Pfluger gives his results. It is possible, nevertheless, to give
an indirect explanation. If the hypothesis of smallness of displacements is made, the
equations of the arch elastica are

d2v M
(44)

dz2 =
EI cos 0:

d2
11' M

(45)-= - ,
dz2 EI sin 0:

v(z) and w(z) are the vertical and horizontal components of the displacement, and they
must obey this equation:

d2
1V d2 v I

-=-,-.
dy2 dz· tg 0:

When fl/ is sufficiently small (but snap-buckling must be avoided), we can consider
only eqn (44). In this case we have

M = Hv.

Hence,

cfv + Hv = O.
dz2 EI cos 0:

If we consider, as Pfluger does,

EI cos 0: = Ele = const.,

(46)

(46) is the equation of a straight bar with constant inertia Ie. Its first eigenvalue must
be rejected, because it is relative to an extensional deformed shape, bringing us to the
second eigenvalue.

For a two-hinge arch. we have
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100,--------,------,-

BouSSiron Vallette

EI/cosa = El c

50 -r--+--+-+--

Three hinges

445

o
o 0,2 0,4 f

t
Fig. 13.

0,6 0,8 1,0

Table 3. Nondimensional coefficient 'Y for £1 cosJ a = const.

Clamped One hinge Two hinges Three hinges

Timoshenko Present Timoshenko Present Timoshenko Present Timoshenko Present
fI/ and Gere [I} authors and Gere [I) authors and Gere [I) authors and Gere [I} authors

0.1 65.5 64.4 36.5 35.4 30.7 30.8 23.8 24.1
0.2 134 134 75.8 77.1 59.8 59.3 51.2 51.4
0.3 204 209 127 81.1 83.6 + +
0.4 277 289 187 188 101 106 + +
0.5 370 258 126 + +
0.6 444 451 332 335 142 143.7 + +
0.7 530 420 160 + +
0.8 587 605 497 509 170 174.8 + +
0.9 677.8 ' 601 188.4 + +
I 700 745 697 695 193 200.7 + +

Table 4. NondimensionaJ coefficient 'Y for EI/cos a = const.

III Clamped One hinge Two hinges Three hinges

0.1 58.1 32.5 28.1 22.1
0.2 91.4 55.5 41.5 36.4
0.3 95 65.1 39.7 +
0.4 80.9 63.2 31.5 +
0.5 62.7 54.9 23.3 +
0.6 47 44.6 16.8 +
0.7 35 + 12.3 +
0.8 26.1 + 9 +
0.9 20 + 6.8 +
I 15.5 + 5.2 +
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from which

Hence, if f = I, we have -y

For a clamped arch,

A. RAITHEL AND C. FRANCIOSI

315.82.

== 8 2 Elc
H cz 1T r

Hence, ex = 631.65.
Dischinger gives the value of 'Y = 3I5.9 for a two-hinge arch and the value of 'Y

= 646 for a clamped arch.
On reading the abacus of Pfluger, the values of ex = 320 and ex = 640 are obtained,

respectively; from the abacus, the linearity between q( and ill appears obvious.
It seems probable that Pfluger did not consider the effect of the horizontal com

ponent w on the bending moment. This seems evident because his values apply to
shallow arches, but are not correct in relation to steep arches.
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